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Abstract: In this paper, we first introduce the concept of symmetrical symplectic capacity for 
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symmetrical symplectic manifolds, and by using this symmetrical symplectic capacity theory we 
prove that there exists at least one symmetric closed characteristic (brake orbit and S'-invariant 
brake orbit are two examples) on prescribed symmetric energy surface which has a compact 
£ i neighborhood with finite symmetrical symplectic capacity. 
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1 Introduction and main results 

The purpose of this paper is to study the existence of the symmetric periodic solutions 
of Hamiltonian systems in the presence of symmetry for the manifold and also for the 
Hamiltonian functions. A very famous example is the figure-eight orbit in planar three- 
body problem with equal masses(see [2]). It is the orbit with two different symmetries: 
cyclic symmetry and generalized brake symmetry. In this paper we consider the existence 
of symmetric orbits of smooth Hamiltonian systems with some symmetries. An important 
case is the existence of brake orbits on the manifolds with the brake symmetry. For this 
purpose, we first study the symmetrical symplectic capacity theory for the symplectic 
manifolds with corresponding symmetry. 

Symplectic capacity is an important symplectic invariant. It was first discovered by 
I.Ekeland and H.Hofer in [3] and jl] for subsets of M. 2n in their search for periodic solutions 
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of Hamiltonian systems on fixed energy surfaces. We call it the Ekeland-Hofer capacity 
and denote it by ceh- This concept was extended to general symplectic manifolds by 
H.Hofer and E.Zehnder in [TT] and [12]. We call it the Hofer-Zehnder capacity and denote 
it by Co. As examples of symplectic capacity, Gromov's width Wg defined in ([3]) is 
the smallest symplectic capacity, Hofer's displacement energy d defined in ([9]) is also a 
symplectic capacity, the Floer-Hofer capacity cfh defined in (jftj) which can be viewed 
as a variant of Ekeland-Hofer capacity ceh, and Viterbo's generating function capacity 
cy defined in ([31]) is also a symplectic capacity. The symplectic capacities were applied 
to the study of many symplectic topology problems, see [12], [22], [30] and the references 
therein for more details. 

In this paper, we introduce a symmetrical capacity on some symmetrical symplectic 
manifolds. For the brake symmetry case, we say that a symplectic manifold (Ai,u) is 
brake symmetrical ((^-symmetric) if there is an antisymplectic involution (p : Ai — > Ai 
satisfying ip 2 = id, p*u = —u and the fixed point set Fix((p) ^ 0. It is well known 
that the fixed point set C of (p is a Lagrangian submaifold of Ai if it is not empty. We 
denote the yj-symmetric symplectic manifold Ai by (Ai, C, u, ip). For a ^-symmetric 
symplectic manifold (Ai, £, u, <p), in this paper we first develop a symmetrical symplectic 
capacity c v (Ai) in subsection 2.1. When a symplectic manifold (M,uj) is provided with 
two different symmetries, for example, the (^-symmetry and a cyclic symmetry S, for 
some special cases we also introduce a capacity c Vi s(Ai). For example, in (M. 2n ,uo), we 
choose (f as a linear mapping N : R 2n -»■ R 2n with N = ( ^ n , and an orthogonal 
symplectic matrix S with S m = id for some 2 < m G N, we introduce a symmetrical 
capacity Cn ,s(U) for (N , S) invariant subset U of M 2n in subsection 3.1. 

We note that for a general symplectic manifold it is not easy to determine the finiteness 
of its Hofer-Zehnder's capacity. There are few results about the finiteness of symplectic 
capacity for some special symplectic manifolds(see for example [ID] .[15]. [17]. [21]). It's also 
difficult for us to prove the finiteness of symmetrical symplectic capacity in general, in 
Theorem [23] and Lemma f2 . 2 71 below we give some special examples with finite symmetrical 
symplectic capacity. 

As the applications of the symmetrical symplectic capacity c v , we consider the exis- 
tence of brake orbits (see Definition 12.21 below) on energy hypersurfaces in symmetrical 
symplectic manifolds. The main results read as follows. 

Theorem 1.1. For a ip- symmetric symplectic manifold (Ai, C,u,ip), let S = iJ _1 (l) be 
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the compact regular energy surface of a if -invariant Hamiltonian function H G C 2 (A4, M.) . 
Suppose Efl£ 7^ and there is an open neighborhood UofE such that c^U, u) < oo. Then 
there exists a sequence Xj — > 1, j — > +oo, such that every energy surface = H~ 1 (Xj) 
possesses a brake orbit of the Hamiltonian vector field Xh- 

For a ^-symmetric contact-type hypersurface E G S v in (Ai, C, u, if) which are defined 
in Definition 12.191 and 12.201 below, we have 

Theorem 1.2. Suppose that the if -contact type hypersurface E G has a f -invariant 
neighborhood U with 0^(11, u) < oo, then E possesses a closed brake- characteristic. 

We note that for a compact (^-contact type hypersurface £ in (IR 2n ,a;o) with tf = N , 
it is clear that £ has a ^-invariant neighborhood U with c 9 (U,ui) < oo. So E always 
possesses a closed brake-characteristic. 

In section 3.2, as applications of Cjv ,5, we consider the existence of S'-symmetrical 
brake orbits on energy hypersurface in (IR 2 ™,^), and get the following result. 

Theorem 1.3. Let E = H~ 1 {1) be the compact regular energy surface of a (Nq,S)- 
invariant function H G C 2 (R 2n ,R). Suppose E is the boundary of a bounded domain O in 
R 2n with G O. Then there is an open neighborhood UofH such that cn ,s{U) < oo and 
there exists a sequence Xj — > l,j — > +oo, such that every energy surface T,\. = if _1 (Aj) 
possesses a S -symmetrical brake orbit of the Hamiltonian vector field Xh- 

We shall note that on a fixed energy surface there may be no closed characteristic (see 
[7], [S] for counter examples). But for the case of (lR 2 ™,u;o) as considered in Example 12.11 
below, if the the A^-invariant hypersurface E = iJ _1 (l) is star-shaped, Rabinowitz in 
1987 [25] proved that if x ■ H'(x) ^ for all x G E then there exist at least one brake 
orbits on E, which has been generalized by Corollary 12.211 below in this paper. If the 
iV -invariant hypersurface H~ l (l) is v^2-pinched, A. Szulkin in 1989 [2B] proved that it 
possesses at least n geometrically distinct brake orbits. If the Ao-invariant hypersurface 
E = H~ l (l) is convex and central symmetric, that is E = — E, Y. Long, D. Zhang and C. 
Zhu in 2006 [20J proved that E possesses at least two geometrically distinct brake orbits. 
Recently, in 2009 [19], D. Zhang and the first author of this paper proved that a convex 
and central symmetric hypersurface E C M. 2n possesses at least [|] + 1 geometrically 
distinct brake orbits, and if all brake orbits on E are nondegenerate, then E possesses at 
least n geometrically distinct brake orbits. 
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For brake boundary value problems of non-autonomous Hamiltonian, one can refer the 
papers [IB], [32J and [53]. For the existence and multiplicity of closed characteristics on 
prescribed energy surface, one can further refer the papers [H)J dHl 1231 [2U [2Z1 123 ESI HH] 
and the references therein. 

2 Symmetrical Symplectic Capacity and Its Applica- 
tions 

In this section, we first introduce the concept of symmetric symplectic capacity and de- 
velop some properties for this kind of capacity. As applications, we then prove Theorem 



11.11 and Theorem 11.21 

2.1 Symmetrical Symplectic Capacity 

Definition 2.1. A symplectic manifold (Ai,uj) is called a symmetrical symplectic man- 
ifold, if there exists a diffeomorphism (p : Ai — > Ai, and a Lagrangian submanifold C of 
Ai satisfying 

C = Fix(ip), p> 2 = id\_M and ip*u = -co. (2.1) 

From now on, we always denote by (Ai, C, u, (p) the symmetrical symplectic manifold 
with ip and £ satisfying condition ( 12. ip . For symmetrical symplectic manifolds, we have 
the following examples. 

n 

Example 2.1. The linear symplectic space (M 2n ,aJo) with uq = ~^^dxk A dy/., let N e 

fc=i 

£(]R 2n ) satisfying the following conditions 

N T JN = -J, N 2 = I 2nx2n , (2.2) 
where J = ( T ^ ^™ xn j. It is easy to see that L N := ker(N — I2nx2n) is an n 



ylfi xn 

dimensional Lagrangian subspace of M. 2n , and (R 2n , Ln, ojq, N) satisfies the conditions of 

" In. xn. 



Definition 12. 1[ in particular, for iV = N = I j? xn T " I , in this case Ln = L 

\ U J- nxn J 

{0} x R n . 

Example 2.2. Let Af be an n dimensional smooth manifold, and Ai = T*Af. (Ai,u) 
is a symplectic manifold with u being the canonical symplectic form. Let ip : At — > Ai, 
<p(x,£) = (x,—£), V(:r, £) e Ai, then Fix(ip) = M and (At,Af,u,<p) is a symmetrical 
symplectic manifold. 
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Example 2.3. In the case of M = T n := R n /27rZ as in Example fI72\ but the involution tp 
is defined by (p : T*{T n ) T*(T"), <p(6 u ■ ■ ■ A,£i, ■■•,£„) = (-0 X , ■ • ■ , -0 ns £ ls • • • ,£ n ), 
so Fix(» = C : = (0, • •• ,0) xR n U(vr, • •• , vr) xl n , and (T*(T n ), C, u, tp) is a symmetrical 
symplectic manifold. 

For a given symmetrical symplectic manifold (M., C, uj, (p), we denote by £, u, <p) 

the set of C 2 functions H : Ai — > R satisfying the following four properties: 

(HI) There is a compact set K C M. (depending on H ) such that K C (.M \ clM) and 

H(M \K) = m(H) (a constant). 

(H2) There is an open set O C M. (depending on H) and O fl C ^ on which 

if((9) =0. 

(H3) < H(x) < m(H) for a\\ x e M. 
(H4) = 

Definition 2.2. Suppose H G C 2 (.A/f,R) satisfying (H4) ; consider the Hamiltonian sys- 
tem on M. 

x(t) = X H (x(t)), 

x{-t) = <p(x(t)), (2.3) 
x(T + t) = x(t), 

where Xh is the Hamiltonian vector field with respect to the function H . A solution (x, T) 
of (12. 3p is called a brake orbit of the Hamiltonian vector field Xh- 

A function H G T-L(Ai, C,u,(p) is called admissible if (12.31) has no brake orbits, or 
all the brake orbits of (12.31) on M. are either constant, ie., x(t) = x(0), Wt G R or have 
the minimal period T > 1. Denote the set of admissible functions by T-L a {-M, £, oj, <p) C 
H(M,£,u,<p). 

Definition 2.3. We define the symmetrical symplectic capacity on a symmetrical sym- 
plectic manifold {M., C, u, <p) by 

c v (M,u) =sup{m(H)\H G H a (M,£,u,<p)}. (2.4) 

From the definition, we see that if c v (M.,oj) < oo, for every function H in H(Ai, C, u, ip) 
satisfying m(H) > c^,(Ai,uj), the vector field Xh possesses a nonconstant brake orbit 
with minimal period < T < 1, and c^(.M, u) is the infimum of the real numbers having 
this property. 
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Theorem 2.4. c v has the following properties: 

(A) c vl (M 1,^1) < c V2 2) ^2) provided there exists a symplectic embedding <fi : Ai\ — > 
M.2 satisfying (f>(ipi(z)) = ip 2 ((f>(z)) for Wz G M.\, here {M.\,W\) and (^2,^2) are two 
symmetrical symplectic manifolds with same dimension. 

(B) c^M^au) = \a\c v (M,uj), a ^ 0, a G R. 

(C) cn(B(1),uo) = it, where B(l) is the unit ball in R 2n , N and Uq are defined in Example 
\2J\andN = N T . 

From Theorem 12 A\ we see that the symmetric symplectic capacity ^(.M, w) satisfies 
all properties of the general symplectic capacity in the sense of symmetric category (c.f., 
IS El H3 ) • The proof of Theorem EH is similar to that as in H HO CE2] • We complete 
the proof of Theorem 12.41 via the following lemmas. 

Lemma 2.5. c 9 satisfies the properties (A) and (B). 

Proof. We divided the proof into two steps. 

Step 1. Proof of property (A). Define a map (ft* : H(Aii, £1, Ui, <pi) — » H(A^2, £2, ^2, ^2) 



Note that if K C M.\\ dM\ for a compact set K C .Mi, then also C A4 2 \ 

9^2) so there holds 4>*(H) G 'K^M.^ £2, ^2, ^2)- Clearly m((f>*(H)) = m(H). Since is 
symplectic and satisfies = ip((f>(z)) for 2 G .Mi, we have 0*(H a (.Mi, £1, u)i, ipi)) C 

%a(-M2, £2, ^2, ¥2)- This implies the property (A). 

Step 2. Proof of property (B). Assume a^O and define the bijection ift: T-L(J^i, £, lo, (p) — > 
"H(-M, £, u, if) by if) : H i-> if a := |a|if. Clearly m(H a ) = \a\m(H), By the definition of 
we have rn-Jf# a = Xjj on .M. Therefor, and Xh have the same brake orbits 
with the same periods. It implies that if) is also a bijection between % a (Ai, £,u,(p) and 
H a (A4, £, au, ip). Thus the property (B) is true. □ 
For the proof of property (C), we note that it is enough to prove it for N = iVo- In 
fact, there exists an orthogonal symplectic matrix P satisfying 



That is to say P : (-B(l), L N n 5(1), u, N) -»■ (5(1), L n B(l), u, N ) is a symplectic 
diffeomorphism satisfying the condition in property (A), so we have 



by 




Ho<f)~\x) if x G (p(Mi), 
m{H) if x $ <p(Mi). 



P-t-NP 



N . 



c N (B(l)) = c No (B(l)). 
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A brake orbit is naturally a periodic orbit, from the definitions of c and c v , there holds 
c ip {M.,uj) > c (Ai,u). in particular, we have 

c No (B(l))>c (B(l)) = n. 

In order to prove property (C), we need to prove Cn (B(1)) < ir. By property (A), it is 
enough to prove 

c No (Z(l),u ) <tt, (2.5) 

where Z(l) = {(x, y) G M 2n |x 2 + y\ < 1}. 

From now on we assume that the Hamiltonian function H G V,(Z(1), L nZ(l),w , N ) 
(denote by "H(Z(1)) for short in the sequel) satisfying m(H) > ir. The remaining of this 
subsection is to prove that the vector field X H possesses a nonconstant brake orbit with 
minimal period < T < 1. First, we have 

Lemma 2.6. Suppose the Hamiltonian function H G 1-L(Z(1)) satisfying m(H) > ir. 
Then there is a compactly supported symplectic diffeomorphism of Z{\), tp : Z{1) — >■ 
Z(l), i.e., the closure of the set {x\ip(x) ^ x} is a compact subset of Z{\), satisfying 
ip(N z) = N ip(z), \/z G Z{\), and H o : Z{\) — > IR vanishes in an open neighborhood 
of the origin 0. 

Proof. Since H G %(Z(1)), there is an open set O C Z(l) and O H L ^ on which 
H(0) = 0. If {0} G (9, since H(0) = 0, H vanishes in an open neighborhood of the 
origin. In this case, we define ip = id|z(i)- Otherwise since O fl L ^ 0, by choosing a 
point z G O(~)L , z 7^ 0, we have the orthogonal decomposition R 2n = span{z } ©IR 2 ™ -1 , 
z = (tz , z n -i) G IR 2 ™. Denote by A(5) = (-5, 1 + 5) x B R 2 n -i (5), with 5 > small enough 
such that A{25) C Z{1). Denote by xa(S)(z) the characteristic function of A(5). That is 
to say 

W)(*) = ( 0> otherwise. (2 ' 6) 
Choosing a smooth function os G C^°(lR 2ri , 1R + ) with compact support in B(5/2) C M 2n 
and J R2 „ os(z)dz = 1, we define a smooth function 0,5 G C^°(lR 2n , M + ) by 

*(*) = ^ + (2.7) 

It is clear that 05 has compact support in B(5/2), <ps(N z) = (fis(z) and J R2 „ (fi$(z)dz = 1. 
Define a smooth function p : IR 2 ™ — > IR with compact support in A (25) C Z(l) by 

P(^) = Xa(s) * M z ) = / Xa(s)(z - z)(j> s (z)dz. (2.8) 

Jm 2 » 



From the definitions we have N A(S) = A(5), Xa(6)(N z) = Xa(S)( z ), (ps(N z) = (f>$(z), 
p(N z) = p(z) and p\a(s/2) = 1- Now the Hamiltonian function K : Z(l) — >■ R is defined 

by 

K(z) = p(z)(z,-Jz }. (2.9) 

It is clear that K(N z) = -K(z), VK(N z) = -N VK(z) and VK(z) = -Jz for 
z E A(5/2), so 

X K (N z) = JVK(N z) = -JN VK(z) = N JVK(z) = N X K (z). (2.10) 

The flow ip 1 : Z(l) — > Z(l) of the Hamitonian vector field Xx is compact supported 
symplectic diffeomorphim for every t > 0. We define ip = if) 1 the time-1 map. It has 
compact support in Z(l), iP{Nqz) = N ip(z), ^(z) = z + tz for z G A(S/2), so ^(0) = z 
and the Hamiltonian H ■ ip vanishes in a neighborhood of 0. The proof is complete. □ 
From Lemma 12.61 we only need to prove that the vector field Xh ^ possesses a noncon- 
stant brake orbit with minimal period < T < 1. Hence we can assume that Hamiltonian 
H vanishes in an open neighborhood of the origin. We extend the function H G T-t(Z(l)) 
to a function defined on the whole space M. 2n . This is possible since H is constant near 
the boundary of Z(l). Denote by 

1 n 

q(z) = q K (z) = {x\ + vl) + — 2 + Vj), ( 2 -H) 

where z = (x, y) G M 2n , and K G Z + is sufficiently large. It is clear that qx^z) = qK(N z). 
Since H G H(Z(1)) there exists K > such that H G T-L(Ek), where Ek is defined by 

E K = {zeR 2n \q K (z) < 1}. 

Since H G H(Z(1)) satisfies m(H) > ir, there is an e > such that m(H) > tt + e. We 
can take a smooth function / : R — > IR such that 

f(s) = m(H) for s < 1, 

f{s)>{ir + e)s forallsGM, 

f(s) = (tt + e)s for s large, 
< /' (s) < (vr + e) fors>l. 
The extension of H is now defined by 

= ( ( 2 - 12 ) 
I f(qic(z)), z£E K . 
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Clearly H G C 2 (M. 2n ) , H(N z) = H(z) and H is quadratic at infinity, exactly we have 

H(z) = (n + e)q K (z), if \z\ > R (2.13) 

for some large R. The following crucial lemma describes the distinguished brake orbit we 
are looking for. 

Lemma 2.7. Assume x(t) is a brake orbit of 

with period 1. If it satisfies 
<&{x) := 

then x(t) is nonconstant and x(t) G Ek, V£ G [0,1]. Hence x(t) is a nonconstant 1- 
periodic brake orbit of the original system x(t) = JH'(x(t)) on Z(l). 

Since a brake orbit is a special periodic orbit, the proof of the lemma is the same as 
the proof of Proposition 2 in [P 74 , [12]]. 

The remaining of this subsection is to find a 1-periodic brake orbit x(t) of the equation 
f)2.14p satisfying (I2.15p . We simply replace H by H in the sequel. 

Denote by 

L 2 = {xe L^S 1 )^ = y^' ' 1: ' J '' ! e K 2n , K'l 2 < ( 2 - 16 ) 

The space L 2 is a Hilbert space with the usual L 2 inner product (•, -) and associated 
norm || • || . Denote by 

H s = {x G L 2 (5 ,1 )|x = ^e 2n]Jt x v x 3 G L , bfl^f < °°}- ( 2 - 17 ) 

The space if s is a Hilbert space with inner product and associated norm defined by 

(x,y) s = (x ,y ) + 27iJ2\k\ 2s (x k ,y k ), (2.18) 

fcez 

||x|| 2 =(x,x) g) (2-19) 

for x,ye H s . Denote by X = H 1 / 2 , \\ ■ \\ = \\ ■ || 1/2 , (•, •) = (•, -)i /2 . 
There is an orthogonal splitting of X 

X = X~®X°®X + (2.20) 



x{t) = JH\x{t)) 



(2.14) 



: (-Jx(t), x(t)) - H(x(t)) }dt>0 



(2.15) 



9 



with X+ = {x G X\x = J2 e27TjJtx i}> X- = {x e X\x = ^e 2 ^'^} and X° = L . 

j>0 j<0 

The corresponding orthogonal projections are denoted by P + ,P~,P°. Therefore, every 
x G X has a unique decomposition 

X = x~ + x° + x + . 

We define for x, y G X 

a(x,y) =\(x + ,y+) l/ 2-\(x-,y-) l/2 

(2.21) 

= l((P + -P-)x,y) 1/2 , 
which is a continuous bilinear form on X. The functional a : X — > R, defined by 

a(x) = a(x,x) = ^\\x + \\ 2 1/2 - ^||aT|| 2 /2 , (2.22) 

is differentiable with derivative 

da(x)(y) = ((P + - p-)x,y) 1/2 , (2.23) 

so the gradient of a is 

Vo(x) = (P + - P~)x = x + - x~ G X, VxG X. (2.24) 
We have X C L 2 , the inclusion map 

j : X ->■ L 2 (2.25) 

is compact. Its adjoint operator 

j* : L 2 -» X (2.26) 

is defined by 

(i(x),y) = {x,j*(y)) 1/2 , Vx G X,y G L 2 . (2.27) 
Lemma 2.8. j* is compact and there hold 

j'^cff 1 and ||r(y)||i<||y||o. 

Proof. By direct computation, we have for any y = ^^e 2 ^ Jt yj G L 2 , 



r(v) = i'(l/b) + £^e^ J V(y fc ), 



2tt|A;| 
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where i* is the projection map: IR 2n — > Lq = {0} ©M™. From the definition of L 2 and H s , 
we can complete the proof. □ 
We next consider the functional 

b(x) = [ H(x(t))dt, (2.28) 
Jo 

since H vanishes in a neighborhood of the origin, and from (I2.13p . there is M > such 
that 

\H"(z)\ < M , \H\z)\ < M\z\ and \H(z)\ < ^M\z\ 2 , \/z E R 2n , 
so the functional b can be defined for x G L 2 and hence also for x G X C L 2 . 

Lemma 2.9. There holds b G C 1 (X, E) ; V6 : X — >• X maps bounded sets into relatively 
compact sets. Moreover, 

\\Vb(x) - Vb(y)\\ < M\\x-y\\ 
and \b(x)\ < M\\x\\ 2 L2 , Vx, y G X. 

Proof. We have 

V6(x) = fVH(x). (2.29) 

Moreover, 

||V6(x) - V%)|| 1/2 = \\j*(VH(x) - VH(y))\\ 1/2 

< \\VH(x)-VH(y)\\ L2 
<M\\x~y\\ L 2 
<M\\x-y\\ 1/2 . 

The proof is complete. □ 
Now we consider the functional 

$(z) = a(x) - b(x), x G X. (2.30) 

We have $ : X — > K is differentiable and its gradient is given by 

V$(x) =x + -x~- V6(x). (2.31) 

Lemma 2.10. Assume x E X is a critical point, i.e., V$(x) = 0. Then x G C 2 ^ 1 ) and 
it is a brake orbit with 1-periodic. 
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Proof. Let 

x (t) = e^^xj, Xj G {0} © W l 
be a critical point of and 



Vff(iW) = ^e 3 ' w 'a J 6l 2 , aj e 



j>2n 



So we have 



That is 



(P + - P-)x = f{VH(x)). 



i*(a )=0, k = 0, 

i „•* 



2^i*(a k ) = x k , k > 0, (2.32) 

where z* is the projection map M 2n — >• {0} x IR n , so i G if 1 , x(— t) = Nox(t). Since 
if (2) = H(N z), we have 

N VH(x(t)) = VH(N x(t)) = VH(x(-t)), 

that is 

hence a fc G {0} © W 1 , a k = i*{a k ), VA; G Z. So from (12321) we have = JVH(x(t)), 
and is a brake orbit with 1-periodic. □ 

Lemma 2.11. $ satisfies the (PS) condition. 

Proof. In fact we will prove that every sequence {xj} C X satisfying V$(xj) — > contains 
a convergent subsequence. Assume V&(xj) — > so that 

xt - zj - Vb{ Xj ) 0. (2.33) 

If Xj is bounded in X, then x® G IR 2n is bounded, and from Lemma [2.91 we see that {xj} 
has a convergent subsequence. To prove that Xj is bounded we argue by contradiction 



and assume \\xj\\ — > 00. Define 



Vk = tt^V, (2.34) 



so Hi/fcll = 1. By assumption, from (I2.29p . 



( P + _ p-)2/ fe -f(^V%)) -> 0. 
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Since |Vif(z)| < M\z\, the sequence 



VH(x k ) c l2 



\\ x k\\ 

is bounded in L 2 . Since j* : L 2 — > X is compact, (P + — P~)y k is relatively compact, and 
since y® is bounded in M. 2n , the sequence y k is relatively compact in X. After taking a 
subsequence we can assume y k — > y in X and hence y& — > y in L 2 . From (I2.13p . we have 



™-vo (s ) 



<-^—\\VH(x k )-VQ(x k )\\ L 2 + \\VQ(y k -y)\\ L 2, 

\ x k\\ 1,2 \\ x k\\ 

where Q(z) = (vr + e)g(z). Since |V#(z) - VQ(z)| < M for all z G M 2n and since VQ 
defines a continuous linear operator of L 2 , we conclude 

VH(x k ) 



\\Xk\ 

Consequently, 



-> VQ(j/) in L . 



||-" A; 1 1 ll*^fc|| 

This implies that y G X solves the linear equation in X 

y + -y--j*VQ(y) = o, 
Nl = i- 

As in Lemma [2. 101 one verifies that y solves the linear Hamiltonian equation 

y(t) = JVQ(y(t)). 

Recall now that Q = (n + e)q, and q(z) = (x\ + yf) + YTj=2^ x2 j + Vj)- We see that 
the symplectic 2-planes {xj,yj} are filled with periodic solutions of JVQ having periods 
T / 1. Since the linear equation does not admit any nontrivial periodic solutions of period 
1 we conclude y(t) = 0. This contradicts \\y\\ = 1 and we conclude that the sequence {x k } 
must be bounded. □ 
V$ is globally Lipschitz continuous, so the gradient equation 

x = -\7&(x), x G X 

defines a unique global flow 

KxI^I : (t,x) H> (p*(x) = x ■ t, 
which maps bounded sets into bounded sets. 
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Lemma 2.12. The flow of x — — V$(x) has the following form 

x-t = e^' + x° + e- f x + + K(t,x), (2.35) 

where K : ~R x X X is continuous and maps bounded sets into precompact sets. 

Proof. Define a map K by 

K(t, x) = [ {e l ' s p- + P° + e- t+s P + )Vb{x ■ s)ds. (2.36) 
Jo 

We have to verify that K has the desired properties. Denote the right hand side of (I2.35P 
by y(t), we have that 

2/(t) = (p--P + Mt) + V&(x-t). 
Since y(0) = x, the function £(t) = y{t) — x-t solves the linear equation 

£{t) = (P~ - P + )m and£(0)=0. 

By the uniqueness of the initial value problem £(t) =0 so that y(t) = x ■ t as required. In 
view of (12.291) we can write 

K (t, x) = j*{ [ (e'-'p- + P° + e' t+s P + )VH(j(x ■ s))ds}. 
Jo 

By Lemma (2TH| j* : L 2 — > X maps bounded sets into precompact sets and, therefore, K 
has the desired properties. □ 

Proposition 2.13. There exists x* e X satisfying V$(x*) = and $(x*) > 

In order to prove this proposition we first single out two subsets Q and T of X. The 
bounded set Q = Q T C X is defined by 

tt T = [ x \x = x~ + x° + se + , \\x~ +x°\\ <t and < s < r}, (2.37) 

where r > and e + G X + is defined by 

e+(t) = e w 'ei and e x = (0, 0, 1, 0) G {0} © R n . 

Clearly ||e + || 2 = 2ir and ||e + || L 2 = 1. We denote dQ the boundary of in X _ ©X°©Re + . 

Lemma 2.14. There exists r* > such that for r > r* 

®\dn T < 0. 
14 



Proof. From a\ x -®x° < and b > we have 

®\x-(bx° < 0. 

We shall deal with the functional on those parts of the boundary dQ T which are defined 
by \\x~ + x°\\ = t or s = r. By the construction of H there exists a constant 7 > such 
that 

H{z) > (tt + e)q(z) - 7 for all z G M 2n . 

Therefore, 

$(x) < a(x) - (tt + e) / q(x) + 7, for all x e X. 



Recalling the definition of the quadratic form q, one verifies for x = x + x° + se + G 
X- © X° © X+ that 

/ q{x~ + x° + se + )dt = [ q(x~)dt + / q{x°)dt+ I q(se + )dt. 
Jo Jo Jo Jo 

Recalling that ||e + || 2 = 2ir , for x = x~ + x° + se + , there holds 

< |s 2 ||e+|| 2 - |||a;-|| 2 - (tt + e)q(x°) - (tt + e) ft q(se + ) + 7 



— 2 ||X 



1 IU-II2 



^ 2 ||e+|| 2 2 - (tt + e)q(x°) + 7. 



Consequently there exists a constant c > such that 

+ + se + ) < 7 — c||x — + x°|| 2 — c||se + ||. 

The right hand side is not positive if \\x~ + x°\\ = t or s = t for r sufficiently large. The 
proof of the lemma is complete. □ 
The subset r = T a C X + is defined by 

T a = {x e X + I = a}. (2.38) 

Lemma 2.15. There exist a > and /3 > such that 

$|r Q > /3 > 0. 

Proof. The space X is continuously embedded in ^(S 1 ) for every p > 1. Hence there is 



a constant M = M p such that 



M| lp < M||-u||i/ 2 , u e X. 
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Observing that < c\z\ 3 for all z G IR 2n , we can take a constant K > such that 

I \H(x(t))\dt<c\\x\\l 3 <K\\x\\l /2 , 
Jo 

for all x G X. Now, if x G A + , then $(x) > |||x|| 2 — A||x|| 3 and the lemma is now 
obvious for some small a > and /3 > 0. □ 
Since $(</?*(x)) decreases in i we conclude immediately from Lemma \2. 141 and Lemma 
|2!5] that n T = for all t > 0. But the following result tell us that n T ^ 0. 

Lemma 2.16. 

</?*(fi) n r ^ 0, v t > o. 

Proof. We shall use the Leray-Schauder degree. Abbreviating the flow by = x • t, 

we need to verify that (Q ■ t) fl T ^ for all t > 0. We can rewrite this by requiring 

(p- + P°)(x-t) = 0, ||x-t||=a, iGft. (2.39) 

Recall that, by Lemma [2.12[ the flow has the representation x ■ t = e l x~ + x° + e~'x + + 
K(t,x), so that (12.391) becomes 

e*ar + x° + (P" + P°)K(t,x) = 0, a-||x-t||=0, xeQ. (2.40) 

Multiplying the X~ part by e _< one gets the following equivalent equations 

x- +x° + [e^p- + P°)K(t,x) = 0, a-||x-t||=0, xeH. (2.41) 

Since x G f2 is represented by x = x~ + x° + se + , with < s < r, we can rewrite (12.41 j) 
as follows: 

x + B(t, x) = and x G fi, (2.42) 
where the operator S is defined by 

B(t, x) = (e-*p- + P Q )K{t, x) + P + {[\\x -t\\- a)e + - x}. (2.43) 

Abbreviating F = X~ © A © IRe + , the map B : R x F — > F is continuous and maps 
bounded sets into relatively compact sets. This was proved in Lemma 12.121 We therefore 
can apply the Leray-Schauder degree theory. The equation (12.421) has a solution x G Vt 
for given t > if deg(fi, id + B(t, ■), 0) ^ 0. In view of v?*(<9fi) D T = for t > 0, we have 

0£(id + B(t,-))(dSi),Vt>0. (2.44) 
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Hence by the homotopic invariance of the degree, there holds 

deg(fi, id + B(t, •), 0) = deg(fi, id + B(0, •), 0). (2.45) 

Since K(0,x) = we find B(0,x) = P + {(||x|| — a)e + — x}. Defining the homotopy 

L^x) = P + {(n\\x\\ - a)e + - fix} for < p < 1, (2.46) 

we claim x + L^(x) ^ for x G dfl. Indeed, if x G Q satisfies x + L^(x) =0 then x = se + 
and, therefore, s((l — fi) + /i||e + ||) = a. Consequently < s < a, so as claimed x ^ dQ if 
r > a. Therefore, by homotopic invariance again, there holds 

deg(fi, id+B(t, •), 0) = deg(fi, id+L , 0) = deg(fi, id-aB(t, -)e + , 0) = deg(fi, id, ae + ) = 1 

provided that ae + G fi, which holds true for r > a. This finishes the proof of Lemma 
I2TT51 □ 
Now we can finish the proof of Proposition ^. 131 We shall apply the minimax argument. 
We take the family T consisting of the subsets y?*(fi), for every t > and define 

c($,J r ) = inf sup $(x). (2.47) 

We claim that c($, J 7 ) is finite. Indeed, since <^*(fi) PI T ^ and $|r > /3 we conclude 
that 

/3 < inf $(x) < sup $(x) < oo. (2.48) 

In the last estimate of (12.481) we have used that $ maps, in view of Lemma 12.91 bounded 
sets into bounded sets. Therefore, 

- oo < (3 < c($, J 7 ) < oo. (2.49) 

We know already that the functional $ satisfies the (PS) condition (Lemma f2.HI) . More- 
over, the family J 7 is invariant under the negative gradient flow for t > 0. Consequently 
the Minimax Lemma implies that c($, J 7 ) is a critical value. We deduce that there is a 
point x* G X satisfying V$(a;*) = and 

= C ($, JT) > £ > 0, 

and the proof of Proposition 12.131 is complete. 
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2.2 Application to the Existence of Brake Orbit 

In this subsection, we use the symmetrical symplectic capacity theory developed in the 
previous subsection to solve the existence of brake orbits on energy surfaces. 

Let (Ai, C, u), <f) be a symmetrical symplectic manifold, and H G C 2 (A4, M) satisfying 
H{ip{x)) = H(x), V x G M.. Suppose that the energy surface 

£ = {x e M\H(x) = 1} (2.50) 

is compact and regular, i.e., 

dH(x) ^ for x G S, (2.51) 

and Sn£ ^ with transversal intersections. Thus E C M is a smooth and compact 
submanifold of codimension 1 whose tangent space at x G £ is given by 

T X X = {£ G T x M\dH(x)£ = 0}. (2.52) 

We define an open and bounded neighborhood U of £ by 

U=\Ji: x , (2.53) 
xei 

where / = (1— e, 1+e) for some small e > 0, and Ej = {i e A^|iJ(x) = A} is diffeomorphic 
to X with £>, fl £ for all A £ J. Indeed, the gradient Vi? 7^ in a neighborhood of 
S, in view of (I2.53p . The modified gradient flow ip^ defined by the following equation 

. _ VH{x) 
X ~ \VH(x)\ 2 

is transversal to S, and there holds 

H(iPl(x)) = 1 +t, Vx G S. 

This means that ^ : ^ ~~ ^i+t is a diffeomorphism. Since H(ip(z)) = H(z), we have 
<p(U) = U. Similar to Theorem 1 in P we of [12], we have the following result which is 
equivalent to Theorem 11.11 

Theorem 2.17. There is a dense subset O C I , such that for A G O the energy surface 
Sa possesses a brake orbit of Xh, provided c v (U,u) < 00. 
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Proof. Suppose I — (1 — p, 1 + p) for some small p > 0. For < £ < p, we define a smooth 
function / : R -> R by 

/(s) = c^(C/) + 1, for s < 1 — e and s > 1 + e, 



f(s) = 0, 
f'(s) <0, 



for 1 - | < s < 1 + §, 



for 1 — £<s<l — |, 



for 1 + | < s < 1 + e. 



Define F : C/ ->■ R by 

F(x) = f(H(x)), xeU. 

It is easy to see that F e "H(f/, C/ fl £, w, </?) and m(F) > c<p(U). Consequently, in view of 
the definition of the capacity c tp {U\ there exists a nonconstant brake orbit (T,x(t)) with 
< T < 1 of the Hamiltonian system: 



x = X F (x(t)), x(t) E U, 



where 



X F (x) = f'(H(x))-X H (x), xeU. 

Moreover, 

H{x{t)) = X 

is constant in t. Since x(t) is not a constant solution we conclude 

f'(H(x(t))) = /'(A) = r ^ 0. 

Thus, in view of the definition of the function /, the value A belongs to the set 1 — e < 
A<1 — |orl + |<A<l + £. In particular |A — 1| < e. By rescaling, we define 



y(t) = x(-), 



which has period \r\T and satisfies 



m = XH(y(t)), 

hence y(t) is a brake orbit of the original Hamiltonian vector field Xh on the energy 
surface H(y(t)) = A. Duo to the arbitrariness of £, 1 is the limit point of A such that S A 
possesses a brake orbit and so is true for all point in /. □ 
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Remark 2.18. Actually the Lebesgue measure of O in Theorem \2.11\ is equal to Lebesgue 
measure of I, i.e., m(0) = m(I). The proof is similar to that of Theorem 4 in Pus of 
JXf. 

Definition 2.19. We call a hypersurface E C M. is ^-invariant, if it satisfies <£>(E) = E 
and En£^0. We denote by S v the set of all (p-invariant hypersurface in M.. 

Definition 2.20. A compact hypersurface E G is called ip-contact type if there exists 
a vector field X, defined on a neighborhood U ofE, and a constant A ^ such that 

L x u — A lo, on U, 
< X{x) T X E, Vx G E, (2.54) 

k tp m {X(x))=X(tp{x)), WxeU. 

Proof of Theorem \1.2L We follow the ideas of the proofs of Theorem 5 and Theorem 6 in 
P123 of [12] . Let X be the vector field defined in Definition 12.201 Since S is compact and 
X is transversal to E, the map 

*:Ex(-£ l£ )^(/c^ (2.55) 

defined by ^>(x,t) = ip l (x) for x G X and < e is a diffeomorphism onto an open 
neighborhood U of £ provided e > is sufficiently small, where r/>' is the flow of X. 
From LjfW = w we conclude that if x(s) is a closed brake characteristic on S, then 
y(s) = ^(a;(s)) will be a closed brake characteristic on S 4 = ^'(E), then from Theorem 
12.171 we complete the proof. □ 
Consider the Example 12.11 from the results above, we have the following result. 

Corollary 2.21. Let H G C 2 (M 2n ,M) with H(N x) = H(x),Wx G R 2n . Suppose E = 
H^il) is its compact regular N -invariant energy surface, E fl C ^ with transversal 
intersections. Then for an open interval I — (1 — e, 1 + e), e > small, there is a dense 
subset O <Z I such that for all A G O the energy surface E^ = H~ l (\) possesses a brake 
orbit of Xjj- Moreover i/E is N -contact type, then it carries a brake orbit. □ 

Remark 2.22. It is easy to say that if E is No-invariant and star-shaped with center at 
origin, then E is No-contact type, and Corollaru \2.21\ generalize the result of J2B]. 

For further applications, we need the following lemma: 
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Lemma 2.23. A compact hypersurface £ G S v is of tp-contact type if and only if there 
exists a 1-form a on a neighborhood UofT, and constant X ^ such that 

da = A oj, 

a(0 ^0, for ^ £ e £ E , (2.56) 

</?*(a)(x) = -a(^(x)), G £/, 

w/iere £ E = e TSI^^, 77) = V77 G T X H}. 

Proof. Let a = ixw, since </?*u; = —a;, we have 

<p*(a) = Vx(^'w) = -i v .xu, 

that is to say 

yj*(a) = -a <^> v?*(X) = X. 
The remains of the proof is similar to [12] . □ 

Lemma 2.24. Let H G C 00 ^ 2 ™,^), H(N (x,y)) = H(x,y) satisfying 

d 

(—if (a;, y),x)> 0, V(x, y) G M 2n , with x ^ 0. (2.57) 
T/ien even/ compact and regular energy surface X = i? _1 (c) urat/i 

c < sup #(0,y) (2.58) 

belongs to Sn (see Definition ^. 19\) and is of N - contact type. 

Proof. Since H is A^-invariant, we have N (J2) = £. Let (xo,yo) G £, that is H(xo,yo) = 
c, if xq = 0, we have £ fl Lo 7^ 0. Otherwise from (I2.57P we have H(0,yo) < c, and from 
()2.58p . there exists a (0,yi) G L such that H(0,yi) > c. So from the smoothness of H, 
there exists a point (0,y) G L such that H(0,y) = c, so we also have £ fl L 7^ 0. In 
order to show that E is iVo-contact type, we define the 1-form on IR 2ra as in Lemma 12.231 
by 

a £ = -xdy + edF G T^M 2 ™, eeR, (2.59) 
where F G C°°(R 2n ,M) defined by 

F(x,y) = (x,^-H(p,y)). (2.60) 

From the definition of a £ we have 

da e = uq. (2.61) 
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Clearly F(N (x,y)) = -F(x,y) and N*dF = -dF, so 

N*a e = -a £ . (2.62) 

Finally since E is a regular energy surface of H, and H(N (x,y)) = H(x,y), we have if 
(0,y)e£, 

X H (0,y) = JVH(0,y) = (-—H(0,y),—H(0,y)) T = (-— #(0, y), 0) T , (2.63) 
that is to say 

|-F(0,y)^0, if (0,i/)eE. (2.64) 

By definition, we have 

a«(X„) = - < |//(,,,),x)- £ (|i/(x,,),| ; i/(0,,)) +£ t^//(0, !/ )A //(l , !/)lj , 

(2.65) 

So from (12.571) . (I2.64p and the compactness of E, there is a 5 > small enough, such that 

a E (Xff)(i,l/) < 0, if (x,y) G E, with ||x|| < 5, (2.66) 

and also from (12.571) and the compactness of E, there exists a e depending on the 5, such 
that 

a £ {X H )(x,y) < 0, if (x,y) G E, with ||x|| > 5. (2.67) 

Then from fl23B . fl232j) . (EHSD and f l2TB7j) . one see that E is of AVcontact type. □ 
So from Corollary 12.211 and Lemma 12.23} 12.241 we have the following result. 

Theorem 2.25. Let H G C 00 ^ 2 ™,^), H(-x,y) = H(x,y) satisfying 

d 

(— H(x, y),x)> 0, V(x, y) G M 2n , with x ^ 0. (2.68) 
Then every compact regular energy surface E = H~ l (c) with 

c < sup H (0, i/) 

possesses a brake orbit of X#. 



For the 92-symmetric symplectic manifold (T*(T n ), £,cu, <£>) discussed in Example 12.31 
with its coordinates {x,y), x G T n and ?/ G T*(T n ) ~ M n . We have the following result. 
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Theorem 2.26. Suppose H G C 2 (T*(T n ),R) satisfying H(-x,y) = H(x,y) andH(x,y) -> 
+00 with \y\ — > 00. T/ien /or a regular energy hypersurface S s = ii" _1 (s) wift s > 
mmH(0,y), there is a sequence — > s (k — > +00) such that the energy surface S Sfe = 
H ^isk) possesses at least one brake orbit. 

Proof. By the condition H(x,y) — » +00 — >■ 00), we see that the energy hypersurface 
H~ l (s) is compact and there is a constant a > such that H^ 1 ^) C T n x (— a, a) n 

ie[s-5,s+5] 

for some 5 > 0. Combining with s > min H(0,y) we have £ fl S s 7^ 0. So the result of 



this theorem comes from Theorem 1 1 . 1 1 and the following result. □ 

Lemma 2.27. Let (T*(T n ), C,u,ip) be a symmetrical symplectic manifold defined in Ex- 
ample PO), then we have 

c v (T n x (-a,a) n ) < 5avr,Va > 0. 
Proof. In fact, we can get a symplectic diffeomorphism <f> from [T2] and [13] 
: S 1 x (-a, a) ->■ A = {(x,y) G M 2 |a < x 2 + y 2 < 5a} , 

by 

0(0, r ) = ((3a + r) l/2 cos6, (3a + r) 1/2 sm#), 

where < 9 < 2tt and —a < r < a. Then it is easy to verify that <fi*{dy A dx) = 
dr A d6. Extending to high dimensional case in the obvious way, we get a symplectic 
diffeomorphism 

$ : T n x (-a, a) n ->• A x A x • • • x A C M 2n 
satisfying = iVi$, where N\ = ^™ ^ J . So from Theorem 12.41 we have 

c v (T n x (-a,a) n ,w) = c Nl (A x A x ■ ■ ■ x A,ui ) < c Nl (B((5a) 1/2 ),ujo), 
and (£>((5a) 1//2 ), co ) = 5acAr L (£>(l), w ) = 5a7r. □ 

3 (No, S)- Symmetrical Symplectic Capacity and Ap- 
plications 

In this section, we consider the following problem on U, 

x(t) = JVH(x(t)), 

x{-t) = N x{t), (3.1) 
x(t + l) = Sx(t) ) 
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where J and N are defined in Example 12.11 and S is an orthogonal symplectic matrix 
satisfying S m = hnxzn with a fixed constant m G N\{1}. U is an open subset of (R 2n , u ), 
satisfying {0} G U, N U = SU = U ((N , 5)-invariant subset). H G C 2 (£/,R), satisfying 
H(Nqz) = H(Sz) = H(z), Vz G U ((Nq, 5')-invariant function). Since S m = I, we have 
x(t + T) = x(t),Vt G R. A periodic solution (T,x) of (13.11) is called a S- symmetrical brake 
orbit of iJ. In the following we always assume S = e 27rJ//m = Jo,, cos — + J sin — . 

3.1 (A^o, *S')-Symmetrical Symplectic Capacity 

We denote by H S (U, N ) the set of C 2 smooth functions H on U satisfying the following 
properties. 

(HS1) There is a compact set K C C/ (depending on U) such that K" C U\dU and 

H(U\K) = m(H) a constant. 
(HS2) There is an open set O C U and {0} G O (depending on H) on which 

H{0) = 0. 

(HS3) < H(x) < m(H) for all x E U. 
(HS4) = H(N x) = H(x). 

A function H G 1-L S (U, N ) is called admissible if (13.11) has no S'-symmetrical brake 
orbit, or all the S'-symmetrical brake orbits of fl3.1|) are either constant, ie., x(t) = x(0), 
V£ G R or have the minimal period T > 1. Denote the set of admissible functions by 

n s a (u,N )cn s (u,N ). 

Definition 3.1. For any (Nq, S) -invariant open subset U C 1R 2 ™, satisfying {0} G U, the 
(Nq, S)- symmetrical symplectic capacity is define by 

c No ,s(U) = sup{m(H)\H G U s a (U,N )}. (3.2) 

Similar to Theorem 12.41 we have the following result. Its proof is almost the same as 
that of Theorem 12.41 We omit the details here. 

Theorem 3.2. Cn q ,s has the following properties: 

(1) cn ,s(Ui) < cn ,s(U2) provided there exists (Nq, S)-equivariant symplectic embedding 
4> : (Ux,loq) — > (U2,u)q) satisfying <p(N x) = N (f)(x), 4>(Sx) = S(j)(x) for all x G U\. 

(2) c NoiS (aU) = a 2 c NotS (U), a ^ 0, a G R. 

(3) c No>s (B(l)) = it, where B(l) is the unit ball in R 2n . 
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3.2 Applications for S-Symmetrical Brake Orbits 




From Definition 13.11 and Theorem 13. 2\ we can give a proof of Theorem 11.31 similarly as the 
proof of Theorem 12.171 Further more, we have the following result. 

Theorem 3.3. If S — e w / m ; with m G N\{1}, H G C 2 (M 2n ,M), satisfying H(N z) = 
H(Sz) = H(z), G M 2n and H(x) — > +oo with \x\ — > +oo, then there exists a dense 
subset O C (i/(0), +oo) ; such that for every A G O there is a nontrivial S -symmetrical 
brake orbit (T,x(t)) of H , with H(x(t)) = A. 

Proof. Since H(x) — > +oo with \x\ — > +oo, H is bounded from below, so we can assume 
H > 0. For any M > H(0) > and e > 0, there exist < R x < R 2 such that 

H(x) < M, V |ar| < R x , and 

H(x) > M + e, V \x\ > R 2 . 
Define a smooth function / : M + -> 1 by 

= 0, for s < M, 

> 0, for M < s < M + e, 

= nRl + 1, for s > M + e, 

and /' > 0. Let F{z) = f{H(z)), then there hold 

for \z\ < Ri, 
for Ri < \z\ < R 2 , 
for 1^1 > R 2 , 

so F G H s (B(R 2 + e),N ) for some small e > 0, andm(F) = vri^ + 1 > c NojS (B(R 2 +e)) = 
tc(R 2 + e) 2 . From Theorem 13.21 and the Definition 13. 1[ the following problem 

x {t) = JVF(x(t)), 

x(-t) = N x(t), (3.3) 
x(t + l) = Sx(t) 

has a T-periodic solution x(t) with < T < 1. From the definition of / and F, we have 

f'(H(x(t))) = A > 0, Vi G R. 

Define y(t) = x(t/X) we have (XT,y(t)) is a S'-symmetrical brake orbit of H, and M < 
H{y{t)) < M + e. Since M and e are arbitrary the theorem is proved. □ 
Remark. Similar to Theorem 1.2, we can prove that every compact (No, S^-contact 
type hypersurface S in M 2n with S fl Lq ^ possesses an ^-symmetric closed brake 
characteristic. We note that the "figure-eight orbit" is a special case. 
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